Abstract. Boix, De Stefani and Vanzo have characterized ordinary/supersingular elliptic curves over Fp in terms of the level of the defining cubic homogenous polynomial. We extend their study to arbitrary genus, in particular we prove that every ordinary hyperelliptic curve C of genus g ≥ 2 has level 2. We provide a good number of examples and raise a conjecture.
Introduction
Let k be any perfect field and R = k[x 1 , ..., x d ] its polynomial ring in d variables. In this case it is known [Gro67, IV, Théorème 16.11.2] that the ring D R of k-linear differential operators on R is the R-algebra (which we take here as a definition) D R := R D x i ,t | i = 1, . . . , d and t ≥ 1 ⊆ End k (R), generated by the operators D x i ,t , defined as . This is shown by proving the existence of a differential operator δ ∈ D R such that δ(1/f ) = 1/f p , i.e., δ acts as Frobenius on 1/f . We will suppose that k = F p and fix an algebraic closure k of k from now on.
For an integer e ≥ 0, let R p e ⊆ R be the subring of all the p e powers of all the elements of R and set D (e) R := End R p e (R), the ring of R p e -linear ring-endomorphism of R. Since R is a finitely generated R p -module, by [Yek92, 1.4.8 and 1.4.9], it is
Therefore, for δ ∈ D R , there exists e ≥ 0 such that δ ∈ D (e) R but δ ∈ D (e ′ ) R for any e ′ < e. Such number e is called the level of f .
The level of a polynomial has been studied in [AMBL05] and [BDSV15] . In [BDSV15] , an algorithm is given to compute the level and a good number of examples are exhibited. Moreover, if f is a cubic smooth homogeneous polynomial defining an elliptic curve C = V (f ) = {(x : y : z) ∈ P 2 k : f (x, y, z) = 0}, the level of f can be used to characterise the supersingularity of C in the following way: (ii) C is supersingular if and only if e = 2.
The goal of the present work is to extend the results of [BDSV15] to hyperelliptic curves of genus g ≥ 2 defined over k. Such a curve C is birationally equivalent to the vanishing locus V (f ) := {(x : y : z) ∈ P 2 k : f (x, y, z) = 0}, where f is a homogeneous polynomial of degree 2g + 1 defined over k. We will write C ∼ = V (f ). Notice that V (f ) is singular at the infinity point.
Denote by Jac(C) its Jacobian. It is well known that for an integer n > 0 then Jac(C)[n](k) = (Z/nZ) 2g if char k | n,
where i can take every value in the range 0 ≤ i ≤ g, and is called the p-rank of C.
For the convenience of the reader, we recall here the following standard terminology, which will be used in this work Definition 1.2. The curve C is said to be ordinary if its p-rank is maximal. The curve C is said to be supersingular (resp. superspecial) if Jac(C) is isogenous (resp. isomorphic) over k to the product of g supersingular elliptic curves.
Our generalisation of Theorem 1.1 is as follows: Theorem 1.3. Let f ∈ R be a homogeneous polynomial of degree 2g + 1 such that C ∼ = V (f ) defines a hyperelliptic curve over k of genus g and denote by e the level of f . Assume p > 2g 2 − 1.
The remaining cases are more complicated and require further study, in particular it would be very interesting to find a relation (if such a relation exists), between the level, the p-rank, and the α p -number. We give some examples showing that, beyond the ordinary and supersingular cases, the level is not enough to determine the p-rank, namely, we exhibit: a) hyperelliptic curves of genus 2 having p-rank 1 and level e = 2, b) hyperelliptic curves of genus 2 having p-rank 1 and level 3. Hence the level cannot be used to characterise the p-rank, being then e = 2 a strict necessary condition for C to be ordinary.
The superspecial case also remains open, although we exhibit c) two infinite families of superspecial hyperelliptic curves of arbitrary genus g ≥ 2 such that, for a fixed genus g, there exist an infinite family of primes for which the curve has level e > 2. Due to these explicit results plus computational evidence, we make the following Conjecture 1.4. Let f ∈ R be a homogeneous polynomial of degree 2g + 1 such that C ∼ = V (f ) is a hyperelliptic curve over k of genus g ≥ 2.
Denote by e the level of f . If C is superspecial, then e > 2.
Our article is structured as follows: in Section 2 we review some definitions and properties of the level, following [BDSV15] , as well as useful characterisations of the p-rank in terms of the CartierManin matrix, following [Yui78] . We prove that the level is invariant under homogeneous change of coordinates, however, as we show via an example, the level is not invariant under birational transformation, and we will define the level of a hyperelliptic curve as the level of the polynomial defining its imaginary model . In Section 3 first, we prove that on the contrary to the elliptic case, the level of a hyperelliptic curve of genus g ≥ 2 must be at least 2. Then, we prove some technical results (Propositions 3.2 and 3.3), and use them to prove our main result, labelled above as Theorem 1.3 and labelled as Theorem 3.5 in Section 3. Theorem 3.9 relates the maximal non-vanishing power of the Cartier-Manin matrix with the level, which allows us to conclude the following: Corollary 1.5. Let C be a hyperelliptic curve of genus g ≥ 2 defined by a homogeneous polynomial f of degree 2g + 1. Denote by e the level of f . Assume C is supersingular but not superspecial. Then, e > 2.
Finally, in Section 4 we provide several numerical examples of hyperelliptic curves of genus 2 with p-rank 1 and different level (Subsection 4.1) and exhibit two infinite families of supersingular hyperelliptic curves of genus g ≥ 2 with level bigger than 2. On the grounds of this evidence, we close our work by posing a conjecture: Conjecture 1.6. Let C be a superspecial hyperelliptic curve of genus g over k. Then, the level is strictly bigger than 2.
The present work extends the research already carried out by the authors for genus 2 and presented in the 13th International Conference on Finite Fields and Applications, held in Gaeta, in June 2017. We take the occasion to thank the organisers for having allowed us to present our preliminary version.
Likewise, the authors are indebted to Gary McGuire for regular discussions on this topic as well as for carefully reading our manuscript and useful comments which have improved our work.
The following notation will be used throughout the article: 
. Finally, the total degree of g is mathrmdeg(g) := max
Preliminaries
2.1. Reminders about differential operators in prime characteristic. First, let us denote
From [Yek92, 1.4.8 and 1.4.9], it is D
R for each e ≥ 0, and hence, by 1, it is also (2)
2.2. The ideal of p e -th roots. For any ideal J ⊆ R, and for any integer e ≥ 1, denote by J [p e ] the ideal generated (over R) by all the p e -th powers of elements in J, or equivalently, by the p e -th powers of any set of generators of J. 
The relation between ideals of p e -th roots and differential operators is as follows:
The level of a polynomial. As pointed out in the introduction, the level of a non-zero polynomial f ∈ R is defined as the minimal integer e ≥ 1 such that there exist δ ∈ D p e −1 R with δ(1/f ) = 1/f p . Here we make this idea more precise and recall another characterization, following [BDSV15, Definition 2.6]. First, we observe that as an immediate consequence of [AMBL05, Lemma 3.4], there is a decreasing chain of ideals
The level can be characterised as the minimal step where this chain stabilises. More precisely:
Theorem 2.5. [AMBL05, Proposition 3.5, and Theorem 3.7] Define
Then, the following assertions hold.
(i) The chain of ideals (3) stabilizes rigidly, that is e < ∞ and I e−1 f p e−1 −1 = I e+s f p e+s −1 for any s ≥ 0.
R , with e ′ < e, such that δ ′ (1/f ) = 1/f p . Definition 2.6. ([BDSV15, Definition 2.6]) For a non-zero polynomial f ∈ R, we call the integer e defined in Theorem 2.5 the level of f . Also, we will say that δ ∈ D (e) R such that δ(f p e −1 ) = f p e −p , or equivalently such that δ(1/f ) = 1/f p , is a differential operator associated with f .
2.4.
The level of a hypersurface. Next, we prove that the level of a non-zero homogeneous polynomial f ∈ R is an invariant under change of homogeneous coordinates, hence depending just on the projective hypersurface defined by f .
Let k be (for the moment) any perfect field of prime characteristic p,
for A ∈ G. Observe as well that a matrix A ∈ G induces an isomorphism φ A of graded k-algebras
This is clear, since A being invertible, both sets {x α : α ∈ Z d ≥0 } and {y β : β ∈ Z d ≥0 } are k-basis of R and for matrices A, B ∈ G and f ∈ R, it is easy to check that (f |A)|B = f |AB.
Definition 2.7. Given homogeneous f, g ∈ R, we say that f and g are G-equivalent if there is A ∈ G such that φ A (f ) = g. Lemma 2.8. Notations as before, let y 1 , . . . , y d ∈ R be homogeneous elements of degree 1 such that
for some A ∈ G Then, for any e ≥ 1 the set
Proof. Since G is invertible, both {x α : α ∈ Z d ≥0 } and {y β : β ∈ Z d ≥0 } are k-basis of R, hence it is enough to check that
is a basis of R as R p e -module. Indeed, let g ∈ R, and write
where g β ∈ k and g β = 0 up to a finite number of terms; in this way, given
so that x β ∈ supp(g), after doing the Euclidean division we can write in a unique way b i = q i p e + a i , where both q i and a i are non-negative integers, and 0 ≤ a i ≤ p e − 1. Therefore, one has that
for some g α ∈ R.
We can now prove that the level is G-invariant, what is immediate after the following result.
Theorem 2.9. Let f, g ∈ R be homogeneous G-equivalent polynomials via A ∈ G. Then, for any e ≥ 0, it is φ A (I e (f )) = I e (g) and φ
−1
A (I e (g)) = I e (f ), where, given any ideal J ⊆ R and a ring endomorphism R ϕ / / R, ϕ(J) denotes the ideal generated by the images of elements of J under ϕ.
and applying Lemma 2.8 we see that for any e ≥ 1, the set
is a basis of R as R p e -module. Now, for e ≥ 0, and write
which shows that φ A (I e (f )) ⊆ I e (g). Equality holds because φ A is an isomorphism.
Motivated by Theorem 2.9, we introduce the following Definition 2.10. Let H ⊆ P n k be a projective hypersurface of positive degree defined over a perfect field k of prime characteristic p. We define the level of H as the level of any element in the below set:
Writing Theorem 2.11. For E, f and p ≥ 2 as above, the following assertions hold.
(
i) E is ordinary if and only if f has level one. (ii) E is supersingular if and only if f has level two.
Being ordinary or supersingular is related with the level via the Cartier differential operator
If E is ordinary, then h = 0 and therefore one has that
which is to say that f has level one. If h = 0, then the best one can say is that there is a (not necessarily unique) differential operator δ of level two with the property that δ(f p 2 −1 ) = f p 2 −p . This operator can be expressed as a certain R-multiple (see [BDSV15, Proposition 6 .2] for some examples) of the operator 1
2.6. Hyperelliptic curves. Let C be a hyperelliptic curve of genus g ≥ 2 defined over k by an affine equation f (x, y) = 0, with f (x, y) = y 2 − h(x), and h(x) ∈ k[x] a polynomial with no multiple roots and with degree 2g + 2 (real hyperelliptic curve) or 2g + 1 (imaginary hyperelliptic curve). Notice that the homogeneized polynomialf defines a plane curve which is singular at infinity, and it is only birationally equivalent to the hyperelliptic curve C, which is smooth in P 3 (k). Moreover, every hyperelliptic curve of genus g is birationally equivalent to an imaginary model via the transformation
where a is a root of h.
As we see in the next example, in general the level is not invariant under this transformation.
Example 2.12. Consider the hyperelliptic curve with imaginary model given by the homogeneous polynomial f (x, y, z) = y 2 z 3 − x 5 − 2x 3 z 2 − 2x 2 z 3 − xz 4 − 2z 5 over F 13 . The level of this polynomial is 3. By applying ( 4 ) with a = −1, we obtain the homogeneous polynomial h(x, y, z) = y 2 z 4 − 2x 6 + 2x 4 z 2 − 8x 3 z 3 + x 2 z 4 − 6xz 5 − 8z 6 , which has level 2.
Definition 2.13. The level of a hyperelliptic curve of genus g is the level of the polynomial defining its imaginary model, up to change of homogeneous coordinates.
Denote by Jac(C) the Jacobian of C, which is an abelian variety defined over k of dimension g. The p-rank of C is defined to be the p-rank of Jac(C). Likewise, we say that C is ordinary (respectively, supersingular, superspecial) if so is Jac(C).
The ordinary/supersingular/superspecial character of C can be easily described by the Cartier operator, which we recall next.
Definition 2.14. For a positive integer k ≥ 1, write
where N k := ((p k − 1)/2)(2g + 1). It is convenient to define the g × g matrix with elements on k
Set c j := c 1 j and notice that C := C 1 is the Cartier-Manin matrix of C. It corresponds to the Cartier operator acting on H 0 (C, Ω C ), where Ω C stands for the sheaf of regular differentials on C. Notice that since our curve is defined over k, the Cartier operator is linear (cf. [AH] for details and a relevant recent discussion on the Cartier-Manin and Hasse-Witt matrices).
We will also make use of the following property.
Proof. The case k = 1 is trivial. Since
it is C k = C p k−1 C, and since the coefficients of f belong to k, they are invariant under the p-Frobenius and, by induction, the result holds.
The matrices C k are related with the ordinary/supersingular/superspecial character of C in the following way. In the other extreme, Nygaard proved [Nyg81, Theorems 4.1] that C is superspecial if and only if C is identically zero.
As for the supersingular case, the following result holds. 
where 1 ≤ n ≤ G, with
if g is even.
Notice that for g = 2, Lemma 2.15 and Theorem 2.17 imply that C is supersingular if and only iff C 2 is identically zero. Moreover, this is equivalent to the p-rank being equally 0.
Results on the level of hyperelliptic curves
Hereafter, unless otherwise is specified, assume p ≥ 3 and let f (x, y, z) = y 2 z 2g+1 − h(x, z) with h(x, z) ∈ k[x, z] a homogeneous polynomial of degree 2g + 1. For any field extension K/k, integers r, n ≥ 1 and any matrix G ∈ M r×r (K), denote by G [n] the matrix obtained by raising each entry of G to the n-th power. Since the coefficients of f belong to k, so are the numbers c i in Definition 2.14, and hence, for the Cartier-Manin matrix C of the curve defined by f , it is C [p r ] = C for each r ≥ 1.
Unlike the elliptic case, the following holds:
Proposition 3.1. Let C be a hyperelliptic curve over k of genus g ≥ 2 Then, if p ≥ 2g − 1, the level of C is strictly bigger than 1.
Proof. Let C be defined by a homogeneous polynomial f ∈ R of degree d = 2g + 1. It is enough to check that the level of f is strictly bigger than 1. Indeed, if it were not the case, we would have R = I 1 (f p−1 ) and so, 1 ∈ I 1 (f p−1 ). But if we write
basis of R as R p -module and since all the terms f p α x α are distinct, it follows that pdeg(f α ) + deg(x α ) = (2g + 1)(p − 1),
Since, as seen in 2.2, I 1 (f p−1 ) is generated by the elements f α , this contradicts that 1 ∈ I 1 (f p−1 ).
Preliminary calculations.
Our main result will rely on the computations which we provide here. We will denote for now on f (x, y, z) = y 2 z 2g−1 − h(x, z) with h(x, z) ∈ k[x, z] a homogeneous polynomial of degree 2g + 1. For r ≥ 1 write
and
where the elements {x α } ||α||≤p r −1 are an R p r -basis of R.
For a polynomial h(x, y, z) ∈ R, deg x (h) stands for the degree of h as a polynomial in x with coefficients in the ring k[y, z] and analogously for deg y (h) and deg z (h). Proof. Since the degree in y of each monomial in f p r −1 is between 0 and 2(p r − 1), which is smaller than 2p r , assertion (i) holds. For assertion (ii), assume that x a yz b = f α for some ||α|| ≤ p r − 1 and a + b < 2g − 2. since deg z (f α x α ) = bp r + deg z (x α ), it must be deg z (f α x α ) < (2g − 2)p r . Hence, a + b = 2g − 3, for if it were smaller, then
which is a contradiction. Write deg(f α x α ) = (2g − 2)p r + (2g + 1)(p r − 1) − (2g − 2)p r = (2g − 2)p r + 3p r − (2g + 1). This forces deg(x α ) = 3p r − (2g + 1).
Setting
. On the other hand, from (5) we see that
This would yield p r ≤ 2g 2 − 1, which is a contradiction. For (iii), if any monomial in the list were a generator f α , then deg y (f p r α x α ) = p r − a 2 with a 2 ≤ 2g + 1, as in (ii). Then, it would be
a contradiction with the fact that the z-degrees of monomials are less than or equal g + 1.
Proposition 3.3. Assume p r > 2g 2 − 1. Then the ideal I r is contained in the ideal
Proof. First, we observe that for p r > 2g + 1, it must be 2g − 2 ≤ deg(f α ) ≤ 2g. From Proposition 3.2 (i), the generators f α cannot be multiple of y 2 , so they belong to two categories: a) monomials of the form x a yz b with a + b ≥ 2g − 2 (due to Proposition 3.2 (ii)) or b) monomials of the form x a z b with a + b ≤ 2g. For the elements of the form x a z b , it must be a + b ≥ 2g − 2, so we have two cases: a) a + b = 2g − 2. This provides the list
are multiples of the elements in the list of case a), so this case provides the extra terms
. The monomials with a + b = 2g are multiples of cases a) or b). Finally, the elements x a yz b with a + b ≥ 2g − 2 are multiples of the elements without y.
will be called the relevant ideal of C.
3.2. Ordinary hyperelliptic curves of genus g ≥ 2. We use here our former results to prove that the level of hyperelliptic curves of genus g ≥ 2 is 2.
Theorem 3.5. Let C be a hyperelliptic curve over k defined by a homogeneous polynomial of degree 2g + 1. Assume p > 2g 2 − 1. If C is ordinary then
Therefore the level of the C is 2.
Proof. First, for r = 1, 2, notice that for each 1 ≤ j ≤ g, the expansion of f p r −1 contains the linear combination
Since both C and C 2 are invertible (because of Theorem 2.16), it follows that the first g generators of M , namely {z a x b } 2g−2 a=g−1 , belong to I r . We need now to check that the the rest of the generators of M , i.e. {z a x b } g−1 a=0 also belong to I r . Let us start showing that x g−1 z g−2 ∈ I r .
Set u := (g−1)p r 2g−1 − 1 and consider
, so the term x g+1 z g−2 is a summand in some of the elements f α , generators of I r .
Since u < p r − 1, h u,1 only appears in the u-th term of the binomial sum (5):
with µ = 0. Setting h u,1 (x, y, z) = x g+1 z g−2 xα, with x α an element in the basis of R as R p r -module, and observing in Equation 7 that the degree in z of right hand summand is bigger than or equal to g − 1, the polynomial f α containing the monomial x g+1 z g−2 consists in the sum of a) this monomial (homogeneous of degree 2g − 1, b) a homogeneous component of degree 2g − 2 with degree in z bigger than or equal to g − 1 and no y and c) a sum of homogeneous polynomials of smaller degrees. Since I r is a homogeneous ideal, it follows that f α contains, in its expansion, the term
with ρ = 0. And since the terms z i x 2g−2−i belong to I r for g − 1 ≤ i ≤ 2g − 2, also x g+1 z g−2 ∈ I r . The rest of the elements x g+k z g−k−1 can be now inductively proved to belong to I r for 2 ≤ k ≤ g − 1: set
With the same argument as for x g+1 z g−2 , we show that x g+k z g−1−k appears in the expansion of some generator f α k of I r and the the previous homogeneity argument, we conclude that f α k contains, in its expansion, the term
with ρ i = 0, hence x g+k z g−1−k ∈ I r . Finally, to finish the proof, we have to see that x 2g−1 ∈ I r , take a non-negative integer 0 ≤ u r < 2g + 1 with 2gp r ≡ u r (mod 2g + 1), and consider, in the binomial expansion (5), the term (y 2 x 2g−1 )
2g+1 , which appears with non-zero coefficient and can be written as
3.3. Some partial results in the non-ordinary case.
Lemma 3.6. For r ≥ 1, there are elements generators h r,1 , ..., h r,g of I r of the form
Proof. It is enough to check that the expansion of (y 2 z 2g−1 ) (p r −1)/2 g(x, z) (p r −1)/2 contains a sum of the form
for x α i,j elements in the basis of R as R p r -module. Notice that since the degree of y is between 0 and 2(p r − 1), the power y p r −1 do not appear anywhere else in the expansion of f (x, y, z) p r −1 than in the considered term so than the sum cannot cancel with expansions corresponding to other powers. But, this is clear:
Proposition 3.7. For r ≥ 1, the k-linear combinations of the set {z 2g−2−z x i | 0 ≤ i ≤ g − 1} which belong to I 1 are generated by the entries of the following row-vector:
where
Proof. For r = 1, write
with α + β + γ = 2g + 1. The value β = 1 yields the product
while odd values 3 ≤ β ≤ 2g + 1 yield the columns
For r > 1, the R p r -basis terms in the expansion f p r −1 can be expressed as
where a + 1 + b = 2g + 1. Again, collecting the R p -coefficients for β = 1 yields
, and the odd terms 3 ≤ β ≤ 2g + 1 yield
Remark 3.8. By choosing a suitable ordering of the columns in the matrix H g , we can assume that its first column is
i.e., it corresponds to the sum
Theorem 3.9. If C r g = 0 but C r+1 g = 0, then the level is strictly greater than r + 1.
Proof. Since C r g = 0, there exits a non-zero linear combination of
. Therefore, I r = I r+2 and hence I r = I r+1 and e > r + 1.
Corollary 3.10. Let C be a supersingular but not superspecial hyperelliptic curve of genus g ≥ 2.
Then, the level is strictly greater than 2.
Proof. Since C is not superspecial, by Theorem 4.1 in [Nyg81] , it is C g = 0. Since C is supersingular, by Theorem 2.17, it is also C g g = 0, hence there exists 1 ≥ r < g such that C r g = 0 but C r+1 g = 0 and hence e > r + 1 ≥ 2.
Some examples
So far, we have studied the ordinary and supersingular (but not superspecial) cases. In this last section we give computational and theoretical evidence which leads us to pose the following conjecture.
Conjecture 4.1. Let C be a superspecial hyperelliptic curve of genus g over k. Then, the level of C is strictly bigger than 2.
All the computer calculations appearing here were done with Macaulay2 [GS] and Magma [BCP97] .
4.1. The non-ordinary and non-superspecial cases: some examples. First, we show by three numerical examples that the level cannot be used in general to characterize the p-rank of hyperelliptic curves.
Example 4.2. Consider the curve defined by the quintic f = y 2 z 3 − x 5 − 2z 5 , for p = 11, 13 and 17.
For p = 11, the p-rank is 2 (i.e. the curve is ordinary), and as predicted by Theorem 3.5, the algebra package gives level 2, the chain of ideals of p e th roots being R ⊃ (z 2 , xz, x 3 ).
For p = 13, the level of f is 4 and the p-rank is 0. Finally, for p = 17, the level of f is 3 and the p-rank is also 0. 4.2. The superspecial case: some examples and a conjecture. The authors do not know if, in general, the level of a superspecial curve is always bigger than or equal 3. Indeed, denotẽ
In the superspecial case, C g = 0, but ifC g = 0, it would be still true that there is a non-zero linear combination of the terms {z 2g−1−i z i } g i=1 in I 1 , while, again, there is none in I 2 , which would yield e > 2. It is not clear for the moment how to control the numbers c i from the coefficients of f and the multinomial coefficients, so it is not clear whether in generalC g = [C g |H g ] vanishes or not. Our numerical examples seem to show that this is the case.
However, this is so for the following two infinite families. Computational evidence together with these examples lead us to formulate the following conjecture, with which we conclude our work.
Conjecture 4.5. Let C be a superspecial hyperelliptic curve of genus g over k. Then, the level is strictly bigger than 2.
